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Abstract 

When the martingale representation property holds, we call any local martingale which 
realizes the representation a representation process. There are two properties of the repre¬ 
sentation process which can greatly facilitate the computations under the martingale re¬ 
presentation property. Actually, on the one hand, the representation process is not unique 
and there always exists a representation process which is locally bounded and has path- 
wisely orthogonal components outside of a predictable thin set. On the other hand, the 
jump measure of a representation process satisfies the finite predictable constraint. In this 
paper, we give a detailed account of these two properties. As application, we will prove 
that, under the martingale representation property, the full viability of an expansion of 
market information flow implies the drift multiplier assumption. 
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1 Introduction 


The present paper, jointly with [H M\, takes part in a research program about the full viability 
problem (cf. Definition 15.2p . Precisely, we consider a probability space (14,^1, P) (with A a a-algebra 

1. A third version 
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and P a probability measure on A) and any pair consisting of a filtration F = {At)t>o of sub-cr-algebras 
of A and an F semimartingale S', which satisfies the no-arbitrage condition of the first kind (NAi in 
abbreviation, cf. [12] for definition) in F. Such a pair (F, S) constitutes a model of financial market, 
where F represents the information flow and S represents the asset process. Because of the no-arbitrage 
condition NAi, the utility optimization problems in the model (F, S') have solutions (cf. |12) 1 so that 
the model is also called a viable market model. We are concerned with the consequences of a change 
in the information flow F. (A better informed agent would operate with a market model with a bigger 
information flow G = {Gt)t>o {At C Qt) and he would manage his portfolio differently in regards to 
a less informed agent. How to quantify this difference would be essential for many purposes.) We are 
especially interested in those changes which preserve fully the market viability, i.e., those filtrations 
G(d F) such that all the asset processes S satisfying the NAi in F continue to satisfy NAi in G (the full 
viability of F C G). A satisfactory result on this subject has been obtained in |14) . 

A long computation has been necessary to establish the result in [T3], which has been carried out 
under various conditions, notably the martingale representation property in F and the drift multiplier 
assumption (cf. Definition 15.Sp . The former is well known, but the computation in |14| depends on 
features of the martingale representation property, which are not so widely considered in the literature, 
namely the finite predictable constraint (cf. Definition 13.2p and the reconstruction of the representation 
processes (cf. Section 0] for definition). As for the latter, the drift multiplier assumption is a new notion 
in the literature of the theory of filtration enlargement. It has encountered serious questions about its 
relevance and its usefulness. As part of the research program, the present paper is specially devoted 
to the above mentioned properties. 

The finite predictable constraint is involved in our work because of the martingale projection property. 
This latter property is defined for any (multi-dimensional) local martingale M by the fact that, for 
any real local martingale Y such that the (vector of) predictable dual projection [Y, M]^'^ exists, there 
exists a predictable process H, integrable with respect to M, such that the predictable dual projection 
[H . M, M]^'P exists and the identity 

[F, Mf'P = . M, MfP 

holds. In the sense of Lemma [3.11 the martingale projection property is equivalent to another formula : 

{VL*(/i — v) '■ W is {pL — i/)-integrable in the sense of [7]} = \JH . M : H is M-integrable}, 

where p denotes the jump measure of M and v denotes the F compensator of /r. The martingale 
projection property is needed, for example, in the proof of m Theorem 4.3] or in the proof of Theorem 
15.61 below. The basic question, then, is how to recognize a local martingale M which satisfies the 
martingale projection property. It seems not very widely known, but the answer exists since Jacod |B], 
which consists to verify if the jump measure of M satisfies the condition of finite predictable constraint. 
(This last notion is therefore extracted from [G] Theoreme 4.80] and a name is given to it because of 
its importance in the study of the full viability.) For the applications in this paper and in |14| . we will 
extend the finite predictable constraint condition to any integer valued random measure p and we will 
give in Section [3] a detailed account of the space 

{VF*(/i — zz) : IT is (/i — z^)-integrable in the sense of [T]} 
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under that condition. The main result is Theorem 13.41 Specifications in the cases of accessible and 
respectively inaccessible time supports (cf. Section 13.21 for definition) are given in Section 13.41 and 
Section 13.51 

Usually the martingale representation property is mentioned to characterize a specific process (a Brow¬ 
nian motion, for example). But, in this paper, what is relevant is a stochastic basis having a martingale 
representation property, whatever the representation processes are. Yet more, we should make use of 
various different representation processes to make easier the computations under the martingale repre¬ 
sentation property. In Section 01 based on the fact that the martingale representation property in the 
filtration F implies the finite conditional multiplicity condition of the filtration F (cf. [6] and [3] and 
Section 0T] Lemma 0]3]), we prove in Theorem 14.71 and Corollary 14. 131 and Theorem 0T5] that, when the 
martingale representation property holds, it is always possible to reconstruct the representation process 
so that it becomes locally bounded and has pathwisely orthogonal components outside of a predictable 
thin set. We recall that a first reason to consider the notion of conditional multiplicity comes from P 
Theoreme 4.80]. Its name is borrowed from |3]. An interesting application of this notion can be found 
in [3] for a study of Brownian filtrations. 

By the way, we recall in Section 14.41 how the martingale representation property in the filtration F also 
implies the finite predictable constraint condition of the jump measure of the representation processes. 
(It is this implication which makes possible the application of Theorem 13.41 in the computation of |14).) 

In application of the reconstruction of representation processes, we study in Section[5]the drift multiplier 
assumption. We will prove in Theorem 15.61 that, under the martingale representation property in F, 
the full viability of an expansion of information flow F C G implies the Hypothesis{H'), and the 
corresponding drift operator satisfies the drift multiplier assumption (cf. Section 0] for definition). This 
means that every F local martingale Y is a G special semimartingale and there exist a common (multi¬ 
dimensional) F local martingale N and a G predictable process ip such that the drift part r(Y) of X 
in G writes in the form 

(v) T{X) = ^p.[N,Xf-P. 

The main points of this result are (a) the F local martingale N and the G predictable process p are 
common for all F local martingale X and (b) the predictable dual projection [N, exists for all F 
local martingale Y. With a martingale representation property in F, this result can be proved in the 
following way. First of all, in this case, instead of considering a general F local martingale Y in formula 
(v), we only need to consider the components of a representation process (Y^.). Also, to define N, we 
only need to find its coefficients in its martingale representation N = Consequently, 

formula (v) changes into an equation in the unknowns pk and Hk : 

(vv) r(Y,) = ^pkHk . [Xk, Xkf-P, 

k 

for any components X^ of the representation process. The solution of equation (vv) (if exists) is not 
unique. We can restrict our search among the coefficients Hk which are locally bounded. When, also, 
a locally bounded representation process is chosen, the local martingale N thus defined will be locally 
bounded so that the predictable dual projection [Y, exists for any local martingale Y. Hence, to 
prove Theorem 15.61 it is enough to solve equation (vv). For that, we firstly modify the representation 
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process to render the equation as simple as possible, and we apply Lemma [5.71 to link equation (vv) to 
the assumption of the full viability. After these treatments, equation (vv) can be solved by elementary 
computations. 

Section 15.21 presents some general consequences of the full viability assumption on an expansion of 
information flow F C G. For example, we will see that the F inaccessible stopping times remain 
inaccessible in G, or that is absolutely continuous with respect to A?''p for any F adapted locally 
bounded increasing process A. These results are interesting in themselves. We also emphasize the 
benehts of working with the drift multiplier assumption in an enlarged hltration. 

Notice that in this introduction we have written the key notions in italic. This rule will be left out in 
the rest of the paper. Notice also that the assumption of the martingale representation property in F 
needs not mean that the market model (F, S) is complete. 


2 Notation and convention 


We work on a probability space (12,^, P) endowed with a hltration F = of sub-cr-algebras of 

A, satisfying the usual conditions. We employ the vocabulary of stochastic calculus as dehned in mu 
with the specihcations below. 

Relations between random variables is to be understood almost sure relations. For a random variable 
X and a cr-algebra X, the expression X & X means that X is J^-measurable. The notation Lp(P, 
denotes the space of p-times P-integrable J^-measurable random variables. 

By dehnition, AqX = 0 for any cadlag process X. A process A with hnite variation considered in 
this paper is automatically assumed cadlag. We denote by dA the (signed) random measure that A 
generates. 

Different vector spaces are used in the paper. An element v in is considered as a vertical vector. 
We denote its transposition by '^v. We denote (indifferently) the null vector by 0. 

We deal with hnite family of real processes X = (W)i<i<d {d G N*). It will be considered as process 
taking values in the vector space To mention such an X, we say that A is a d-diniensional process. 
In general we denote by W the Ah component of the vector X. When A is a semimartingale, we denote 
by [X, "W] the d x d-dimensional matrix valued process whose components are [Aj, Xj] for 1 < i, j ^ k. 

With respect to the hltration F, the notation denotes the predictable projection, and the notation 
denotes the predictable dual projection. 

For any F special semimartingale A, we can decompose A in the form (see [5], Theorem 7.25]) : 

A = Ao + A"^ + A^ X^ = X^ + A'^“ + X^\ 
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where X™ is the martingale part of X and X'^ is the predictable part of hnite variation of X, X'^ is the 
continuous martingale part, is the part of compensated sum of accessible jumps, is the part 
of compensated sum of totally inaccessible jumps. We recall that this decomposition of X depends on 
the reference probability and the reference hltration. In the computations below we apply this notation 
system only for the decompositions in F. We recall that every part of the decomposition of X, except 
Xq, is assumed null at f = 0. 

In this paper we employ the notion of stochastic integral only about the predictable processes. The 
stochastic integral are dehned as 0 at f = 0. We use a point to indicate the integrator process in a 
stochastic integral. For example, the stochastic integral of a real predictable process H with respect to 
a real semimartingale Y is denoted hy H .Y, while the expression ^X(.[X, ^X])X denotes the process 

t k k 

where X is a /c-dimensional predictable process and X is a /^-dimensional semimartingale. The expres¬ 
sion ^X(.[X, ^X])X respects the matrix product rule. The value at /> 0 of a stochastic integral will 
be denoted, for example, by '^K{.[X,~^X])Kt. 

The notion of the stochastic integral with respect to a d-dimensional local martingale X follows [H]. We 
say that a d-dimensional F predictable process is integrable with respect to X under the probability 
P in the hltration F, if the non decreasing process ^y~^H{.[X, '^X])H is (P, F) locally integrable. For 
such an integrable process H, the stochastic integral . X is well-dehned and the bracket process 
of . X can be computed using [HI Remarque(4.36) and Proposition(4.68)]. Note that two different 
predictable processes may produce the same stochastic integral with respect to X. In this case, we say 
that they are in the same equivalent class. 

Again another notion of stochastic integral is needed, i.e., the stochastic integral with respect to 
a compensated integer valued random measure /i — n. We refer to for its dehnition and 

the fundamental properties. In particular, we denote by 9(F,/i) the space of (/r — n) ^.-integrable F 
predictable functions. To distinguish the different type of stochastic integrals, we mention the stochastic 
integral with respect to a compensated integer valued random measure /i — n as stochastic ^.-integral, 
whilst the stochastic integral with respect to a semimartingale will be mentioned as stochastic .-integral. 

Caution. Note that some same notations are used in different parts of the paper for different meaning, 
especially the notations X, Y, H, G, S, T, /i or u. 


3 Finite predictable constraint 

This section is devoted to the condition of hnite predictable constraint for integer valued random 
measures. Recall that F is a hltration on the probability space (hi, A, P), satisfying the usual conditions. 
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3.1 Martingale projection property 

When we compute the predictable bracket [Y, for two local martingales M, Y [M being, say, 

locally bounded), we may need to substitute Y by its "orthogonal" projection onto the stable space 
generated by M : 

[y, Mf-P = [H.M, MfP, 

with a stochastic integral H . M with respect to M. It is however not always possible, as explained in 
[1]. On the other hand, as a consequence of |6l Theorem (3.75)], we have a general projection formula 
for stochastic ^-integrals. 

Lemma 3.1 Let M be a multiple dimensional purely diseontinuous (P, F) local martingale. Let p be 
its jump measure with (P, F) compensator v. For any real (P, F) local martingale Y such that [y, M] 
is (P,F) locally integrable. There exists a g & S(lF,;u) such that [g*{p — is locally integrable and 

[Y,MfP=[g4p-u),MfP. 

Proof. Denote by M the Dolean-Dade measure associated with p. Let (t/n)neN be a sequence of F 
stopping times, tending to the infinity, such that |d[y, Mh]\] < oo for every component Mh of M 

and for every n G N. This implies 

M[|Ay||x/i|l[o,(7„]] = E[ ^ lA^y = E[ 

0<S<Un 

With the notations in [6l Theorem (3.75)] let 

U = M[Ay|P], g = U + V = AY-U. 

1 — a 

Then, g G S(F, ^) and 

y = g^{p - u) + y*/i + y', 

where Y' is a local martingale pathwisely orthogonal to M, i.e. [Y',M] = 0. Consider [V^p,Mh]. We 
have 

El/I'" |cl[r.ftA41|| = l(A,y - C/(s, 

A \AsYA sMh\l{AsMjto}] +EEo<s<c/„ \Uis,AsM)AsMh\l{AsMjto}] 

= M[|Ay||x4|l[o,r/„]] + M[|y||a:4|l[o,c/j] 

< 2 M[|Ay||a: 4 |l[o,f/„]] < oo. 

This means that [V^p, is defined. But for any F stopping time S, 

E[[V^,p, MhlsAuJ = M[(Ay — U)xh^i-[o,SAUr^]] = 0; 

i.e. [y*/i, Mh\^'P = 0. As [y, Mfif'P exists, necessarily [ 5 r*(/x — u), Mfi\^'P exists and 

[Y,MfP=[g,ip-u),Mf-P.u 


|cl[y,M,]|]< 


oo. 
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In the light of Lemma IXTl we understand that, to have the martingale projection property for stochastic 
.-integrals, it is enough to hnd conditions which make the stochastic ^-integrals to become 

stochastic .-integrals H . M. 


3.2 The definition 

We now study the general problem of the transformation from stochastic ^-integrals into stochastic .- 
integrals. We recall the basic vocabulary about integer valued random measures. Let E be an Euclidean 
space. An F optional random measure fx on x E is said to be integer valued (cf. O |6]), if there 
exists an F optional thin set D (the time support set) and an E-valued F optional process /3 (the space 
location process) such that 

AtM = l{(s,/3.)eA}l{sGD}, VA G B{R+ X E). 

s>0 

We make use of the results in [5l Chapiter XI section 1], also in jHl Chapiter II section 1]. In this paper, 
the integer valued random measures /i are always supposed to be a-hnite on the predictable cr-algebra 
and to have an F compensator u satisfying 

z^[{0} X E] = z/[M+ X {0}] = 0, (|x|^ A l)*Ut < oo, f G M+. (1) 

Note that these conditions are satisfied by the jump measure of any semimartingale (cf. j8l Chapter 
II, Proposition 2.9]). Recall that S(1F, A^) denotes the (/i — u) *-integrable predictable functions. 

Here is the notion which makes the transformation from stochastic ^-integrals into stochastic .-integrals 
possible. 

Definition 3.2 We say that an integer valued F optional random measure /i satisfies the finite predic¬ 
table constraint condition, if the space location process j3 is confined in a finite F predictable constraint, 
i.e., if there exist a finite number (say n ) of E-valued F predictable processes 1 < A; < n, such that, 
at any time, the value of fi coincides with one of the values or 0 .' 

13 G {0,01, ■ ■ ■ ,an}- 

Remark 3.3 Note that, in the case of a hnite predictable constraint for /3, we can modify the E-valued 
F predictable constraint processes Ofc, 1 < A: < n, to write 

n 

= 'y ^ ( 2 ) 

k=l 

We accept some set {^ = Ofc} empty. 
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3.3 The main result 


We consider an integer valned random measure /r with its time support D and its space location process 
/3 and its F compensator v. Suppose the hnite predictable constraint condition with the constraint 
processes a/c, 1 < k < n. Let (1 < k < n) be a bounded continuous real function such that 
^k{.oik) 7 ^ 0 on the time support set D of n, and \ek{x)\ < c{\x\ A l),a: G E, for some constant c. 


Theorem 3.4 Suppose that p satisfies the finite F predictable constraint condition with constraint 
processes 0^,1 < k < n, satisfying identity Suppose D C {/5 7 ^ 0}. For 1 < k < n, let Ck be the 
above defined functions. 

1. Let Uk{s,x) = ek{x)l.{x=ak s}’ ^ > 0,x G E, and Xk = Ukfili — n),! < k < n. Then, Xk are 
well-defined locally bounded F local martingales. 

2. For an element g G let ^^l{e(o) 7 ^o} denote the vector valued process composed of 

1 < k < n. Then, is integrable with respect to the vector 

valued process X = {Xk)i<k<n- 

3. For any element g G S(1F',/w), 


gfip -v)= ^ l{e(a) 70 }) ■ W. 

e(a) 

We have the identity 


{gfip — n) : g G S(1F', h)} = . X : H is X-integrable}. 


Proof. Using the notations in j5l Dehnition 11.16], we must prove that the process (Y '^‘1 — 0) 

is locally integrable, where 

Uk = Uk{-,/3)lD - Uk. 

We consider separately J2s<t s&'^kis, fisY and For any stopping time T such that E[(|xp A 

l)*i^T] < 00 , we have 

E[ ^ Uk{s,(5sf] = E[Mfc*/rT] < c^E[(|a;|^ A l)*/iT] = c^E[(a;^ A 1)*vt] < 00 . 

s<T,sGD 


On the other hand, we know that {uk 7 ^ 0} is a predictable thin set J (cf. [H Theorem 11.14]). Hence, 


E[5^My=E[^ My<E[^ f uldu]=E[f 

s<T s<T.seJ s<T,sGJ'^HxE J[0,T]xE 


Ijuldu] < c^E[ 


'[0,T]xE 


(|xpAl)dz/] < 00 . 


Because of the conditions in ([T]), we conclude that the process ^,t> 0 ) is locally integrable 

and the local martingale Xk is well dehned. 








With identity ([2]), necessarily on {/3 7 ^ 0,/3 = a^}, for all k' k. As B C {(3 ^ 0}, the sets 

{s G D,/3s = ak},l < k < n, are mutually disjoint, and {s G D,\/k,{3s 7 ^ ak} = 0. So, for a 5 ^ G S(IF,/x), 
for any F stopping time T, 


9'(2',/3t)1{T€d} — afc,T)l{/3T=«fe,T}l{rGD}- 

k=l 

We compute the jump at an F totally inaccessible stopping time T on {T < cx)}. 

^T{g*{k- ~ ^)) = 9{T, /3t)3^{T£d} = Z]fc=i 9{T, afc,T)l{/3T=afe.T}l{TeD} 

= ELl 9{T, ak,T) -J,) l{efc(«fe,T)^0} AtWa,. 

We compute next the jump at an F predictable stopping time T on {T < cxo}. 

^t{9*{9 - ^)) 

= / 3 r)l{TeD} — IE[ 5 '( 2 ",/ 3 T)l{TeD}|-^r-] 

= ZlLi 9{T, afc,T)]l{/3T=«fc,T}]l{reD} - ^ELi 9{T, afc,r)l{/3T=afe,T}l{reD}|-^T-] 

= ELl5'(2",a!fc,T)(l{/3T=afe,r}l{TeD} - E[l{^y=„fc,T}l{TGD} |-7^T-]) 

= ZlLi efc(a\ r) (efc(afc,r)l{/3T=afe.T}l{TeD} - E[efc(afc,r)l{/3T=«fe,T}l{TeD}|*^T-]) 

= Ylk=i9{T,ak,T)-^^^^ (efc(/3r)l{/3T=afe,r}l{rGD} - E[efc(/3r)l{/3r=afc,T}l{rGD}|-^T-]) 

= ELl 9{T, ak,T) l{e,(a,,T) 7 ^ 0 } AtW^. 

We obtain the identity 


A(^*(p - p)) = ^g{-,ak) 


k=l 






This identity shows hrstly that the process 
7.23], we have the equality 

-p) = 


^^l{e(a)^o} is W-integrable. Secondly, by O Theorem 


3.4 Case of random measure with accessible time support 

To represent the space of stochastic ^-integrals {g*{9 — i') '■ g G S(p)} with stochastic .-integrals under 
the hnite predictable constraint condition, we may employ different "representation" focal martingales 
than that dehned in Theorem 13.41 especially when g is the jump measure of a focal martingale. 

Consider an integer valued random measure g with compensator p. We now cut the process (3 into pieces 
in time and in space. Suppose that there exist a sequence of mutually avoiding F predictable stopping 
times (7ji)i<„<i\i (N < 00 ) such that the time support set is given by D = (Ui<n<N[7n]) Cl {,d 7 ^ 0}. 
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We consider the family of random variables 1 < n < N). Suppose in addition that there exist a 
positive integer n such that, for every 1 < n < N, there exist E-valued J^t„- measurable an,ki 1 < ^ < n, 
and an measurable partition , An,n) (possibly some empty sets) such that is cut into 

n 

(3) 

k=l 

Let (an)i<„<N be any series of non vanishing random variables such that G J^t^- ^cid the following 
expression 

W = 1 < ^ < n, 

n=l 

dehnes an n-dimensional F local martingale Y. Set ak = X]n=i1 Y k < and G = 
X;I!=i For any 51 G g(F, /i), denote by g{-, a)l{„^o} the vector valued process {g{-, afc)l{afe^o})i<fc<n 

Theorem 3.5 Under the above conditions, for any g G g(F,/i), Gg'(-, a)l{Q,^o} is Y-integrable and 

- z/) = G '^g{-, a)l{„^o} ■ Y- 


Remark 3.6 If P satishes condition ([S]), (a version of) P satisfied the hnite predictable constraint. ■ 


Proof. For g G 9(F,/i), as in the proof of Theorem 13.41 we compute the jumps at one of the F 
predictable stopping times T = < cxo (1 < n < N). 

^t{9*{u - ^)) 

= 9{T, Pt)"^{t&} - E[5f(r,/3T)l{TeD}|.Fr-] 

= 9{T, Pt)^{i3ti^o} - IE[5'(F,/3t)1{/3t^o}|-Ft-] 

= Yl=l 9{T, afc,T)lA„,fcl{afc,r^O} “ 9{T, Q!fc,T)lyl„,fcl{ai,,r^O}|.Fr-] 

= ELlfi'(F,afc,T)l{afc,T^O}(lA„,fc -E[1a„JJ^t-]) 

= ZlLifi'(F, afc,T)l{afc,T5^0}^ A-rYfc 
= Ylk=i9{T,ak,T)Ti-{ak,T^0}GT ArYk. 

From this jump identity, we conclude that Gg'(-, is T-integrable, and, by [51 Theorem 7.23], 

gPfi -u) = G ^{g{-, a)]l{„^o}) ■ Y. ■ 


Suppose, on top of the conditions in Theorem 13.51 that, for a d-dimensional F purely discontinuous 
local martingale M, D = {AM ^ 0} and P = AM. For a hxed 1 < n < N, let us view the 
measurable random variables as constants and consider the space £„ of real functions generated by 
the indicators 1 < /c < n. The space is of hnite dimension and there exists a natural linear 
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map from M" measurable random variables being constant) onto the space Condition ipj) 

says that the components 1 < i < d, of At„M are elements in the space : 

n 

At^M^ = ^ ^ Oin,i,k^A„,k’ 

k=l 

where an,i,k denotes the fth component of an,k £ Introduce the (vertical) vectors of the 

components {an,i,k)i<k<n (7n,i being a representative of At^Mi in M"). Denote pn,k = 
and pn the (vertical) vectors of the components {pn,k)i<k<n- We have for 1 < z < d 

n n 

0 —Ckrijijfc®[lA„ — ^ ^ ^n,i,kPn,k '^n,iPm 

k=l k=l 


i.e., is orthogonal to Let = Yl=iPn,k^A„^^- 

Theorem 3.7 Under the above condition, suppose that the vectors 7 „_j, 1 < z < d, together with pn 
span the whole space M" (so that Aj-^Mi, 1 < z < d, and Pn generates and therefore n < d+1^. Then, 
for any g G S{^,p), there exists a matrix valued F predictable process K such that Kg{-,a)\^a^Q^ 

M-integrable and 

9*{p - z^) = ^{Kg{-, q;)]1{„^o}) ■ M. 

We have the identity 


{g*{p — zz) : G S(1F, /z)} = \JH . M : H is M-integrable}. 


Proof. For g G S(lF,fz), as in the preceding proof, we compute the jumps at one of the F predictable 
stopping times T„ < cxo (1 < n < N). 

^T„(d*(h- ^)) = Z]Lld(^n,a7T„)lw,T„^0}(lA„,^ - E[lA„,;,|d^r„-])- 

Note that 

n 

~ ~ ~Pn,h) = ~ Pn,/i) 1 ■ 

k=l 

Taking the conditioning with respect to we see 

n 

^ ^f dfi,k Pn,h)Pn,k 0, 
k=l 

i.e., the vector of components {5h,k — Pn,h)i<k<n is orthogonal to pn so that there exists a d^r„-- 
measurable vector Kn,h = {Kn,i,h)i<i<d such that 

d 

i^^h,k Pn,h)l<k<n ^ 
i=l 
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or in other words, the image in of the vector {6h,k — Pn,h)i<k<n is a combination of the : 


-E[1a^JJ^T„-]) = Yll=l{^h,k - Pn,h)Ti-A„ 


Xlfc=l(X]i=l 'yn,iKn,i,h)k^An^k 


n,fe 


~ X]fc=l Si=l ^n,i,kKn,i,h^An^(, 

= Etl^n,,hAT„M, = T 


^n,i,h^T, 


Kn,h^T„M. 


Hence, 




Ylh=l9{Tn,ah,TjTi-{aH,Tr,^0}{^A^^h “ 

ELl 9{Tn, «/i,T„)l{a;,,T„^0}"^AA,hAr„M. 


Set Kn to be the matrix (i^n,i,/i)i<i<d,i</i<n and K = En=i A"nl[T„]- The above jnmp identity implies 
that Kg{-,0()^{aj^o} is M-integrable, and, by [H Theorem 7.23], 


g^{fi -u) = ~^{Kg{-, a)l{„^o}) ■ M. 


To hnish the proof, we recall that = Xh*{p — ■ 


3.5 Case of totally inaccessible support 

Consider always an integer valued random measure p with its compensator v, satisfying the hnite 
predictable constraint condition with constraint processes a^,! < k < n, satisfying identity O) . 
Suppose that D = {/? 7 ^ 0} = Ui<„<n[ 5'„], where Sn are mutually avoiding F totally inaccessible 
stopping times and N an hnite or inhnite integer. 

Suppose in addition that, for a d-dimensional F purely discontinuous local martingale M, D = {AM 7 ^ 
0} and 13 = AM. (M is then quasi-left continuous. See [H Theorem 4.23]). The processes ak are 
therefore d-dimensional vectors. Let at^k denote the zth component of ak for 1 < i < d. As in the 
preceding paragraph, we dehne the vector 7 i, 1 < i < d, to be the vector of the components (ai,fc)i<fc<n- 
Denote by 7 the matrix of columns 7 j’s. 

Theorem 3.8 Under the above conditions, suppose that, for any Sn, the vectors 7 j, 5 „, 1 < f < d, span 
the whole space M" (so that n < d). Then, for any g G S(F, g), there exists a matrix valuedW predictable 
process K such that Kg{-,a)l.{aj^o} is M-integrable and 

g*{g -1') = ^{Kg{-, a)l{„^o}) ■ M. ■ 


We have the identity 

{g*{,g — r') ■ g E S(F, p)} = {^H . M ■. H is M-integrable}. 


Proof. Consider the canonical basis (ei,..., Cn) in M". Note that the set 

A = ( 7 *, 1 < f < d, span the whole space M"} 
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is F predictable. There exists an F predictable d x n-matrix valued process K such that 


(ei,... ,en) = 7 /T on A. 

For any element g G S(F,/i), we compute the jump at a stopping time Sn < 00 . 

= 9{Sn,/3Sn) = 

Note (as in the preceding proof) that 

^{9Sn=^h,Sn} ~ '^k=l ^h,k^{^s^=ak,s„} = = l '^i=l'yhk,Sn^i,h,Sn^{9Sn=°‘k,Sn} 

~ X]fc=l Si=l (^i,k,Sn^i,h,Sn^{l3s„=ak,Sn} ~ Si=l ^^i,h,S„ X]fc=l ^i,k,Sn^{l3s„=o‘k,Sn} 
= ELk^asAs^m,. 

We conclude 

^)) = Eh=l 9{Sn, ah,sJ^{aH,Sr^¥=0} Ei=l^'^i,h,Sn^Sr,Mi 
= ^{9{-,OL)\{a^0})sjKs„/^Sr.M- 

This jump identity implies that Kg{-,a)ll{a^o} is M-integrable, and, by O Theorem 7.23], 

g*{g -v) = ^{Kg{-, a)l{„^o}) ■ M. ■ 


4 Martingale representation property 


Fix a stochastic basis (r2,F,P). 

Definition 4.1 ITe say that the martingale representation property holds in the filtration F (under 
the probability Pj with respect to a d-dimensional representation process W, if W is a (P, F) local 
martingale, and all (P, F) local martingale is a stochastic integral with respect to W. We also say 
that W possesses the martingale representation property in F. ITe say simply that the martingale 
representation property holds in F, if there exists some (P, F) local martingale which possesses the 
martingale representation property in F. 


4.1 Conditional multiplicity 

The martingale representation property imposes finite conditional multiplicity of J^r with respect to 
(a notion introduced in [3l section 3] to quantify the randomness of when J^r_ is given). 
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Lemma 4.2 Suppose the martingale representation property in F with a d-dimensional representation 
process W. Let R be a ¥ stopping time. Consider the random variables in Rr- as constants. If R is 
predictable, the family of random variables ARWh, 1 < h < d, generates on {R < 00 } (modulo Rr-) 
all integrable random variables f in Rr whose conditional expectation =0. If R is totally 

inaccessible, the family of ARWh, 1 < h < d generates on {R < cxo} (modulo Rr-) all integrable 
random variables ^ in Rr. 

Proof. For any integrable ^ G Rr, the process ^1 [_r,oo) — is a martingale. By martingale 

representation property, there exists an F-predictable process H snch that .^1 [t,oo) ~ ('^l[r,oo))'^^ = 
. W. Therefore, 

d 

f, = '^{HR)hARWh + 

h=l 

on {R < cx)}. If R is predictable and E[^|J^r_] = 0, the process (^1 [_r,oo))^^ = 0. If i? is totally 
inaccessible, 00 ))'^^ = 0. The lemma is proved. ■ 


Lemma 4.3 Suppose the martingale representation property in F with a d-dimensional representation 
process W. If R is ¥ predictable, there exists a partition (Aq, Ai, A 2 ,..., A^) (where some Aj may be 
empty) such that 

Rr = Rr-V cr(Ao, Ai, A 2 ,..., Ah), 

i.e. the conditional multiplicity of Rr with respect to Rr- is egual to or smaller then d-\-l. If R is 
(P, F) totally inaccessible, there exists a partition {Bi, B 2 ,..., Bf) (where some Bj may be empty) such 
that 

Rr = Rr-V cr{Bi, B 2 ,..., Bh), 

i.e. the conditional multiplicity of Rr with respect to Rr- is egual to or smaller then d. 

Proof. Consider the case of a predictable R. Because of Lemma [4.21 we can apply [3l Proposition 12] 
to have a partition (Ag, A(, A' 2 ,..., A^) of {R < 00 } such that 

{i? < CX)} n J'h = {^ < 00 } n {Rr- V cr(Ao, A}, A 2 ,..., A'^)). 

Since {R = cx)} fl Rr = {R = cx)} fl Rr-, the lemma is verihed, if we take A* = A' for 0 < f < d and 
Ad = A'hU{R = 00 }. 

The case of a totally inaccessible R can be dealt with similarly. ■ 


4.2 A separation technique 

When we make computation with the martingale representation property, we often need to extract 
information about a particular stopping time from an entire stochastic integral. We will need the 
following technique which separates a stopping time from others in a martingale representation. 
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Suppose the martingale representation property in F with a representation process W. Then, the (P, F) 
local martingale X takes all the form . W for some kh-integrable predictable process H. We call 
(any version of) the process H the coefficient of X in its martingale representation with respect to the 
process W. This appellation extends naturally to vector valued local martingales. 


Lemma 4.4 Let R be any F stopping time. Let ^ G L^(P, Let H denote any coefficient of the 
(P, F) martingale ^l[i?,oo) ~ in its martingale representation with respect to W. 

1. If R is predictable, the two predictable processes H and are in the same eguivalent class 

with respect to W, whose value is determined by the eguation on {R < 00 } 

^HRARW = f-E[f\RR_]. 

2. If R is totally inaccessible, the process H satisfies the eguations on {R < cxd} 

^HrArW = f, and ^HsAsW = 0 on {S ^ R}, 
for any F stopping time S. 


Proof. Let us consider only a totally inaccessible stopping time R. In this case, is conti¬ 

nuous. Computing the jump at R and at S in the equation 

we prove the assertions. ■ 


4.3 Representation process reconstituted 

As mentioned before, when we make computations under the martingale representation property, we 
are not restricted to work with the initially given representation process W. In choosing suitable 
representation process, we can render the computations with martingale representation much easier. 


Definition 4.5 For a multi-dimensional ¥ local martingale X, we say that it has pathwisely orthogonal 
components, if [Xi, Xf = 0 for i ^ j■ For a measurable set k, we say that X has pathwisely orthogonal 
components outside of k, if 1 a= ■ [Ai, Xf = 0 for i ^ j. 

Suppose in the rest of this section that the martingale representation property holds in F with a 
d-dimensional representation process W. The following lemma is well-known (cf. j3]). 

Lemma 4.6 There exists a continuous d-dimensional F local martingale X' which generates the same 
stable space as that generated by the components of but with pathwisely orthogonal components 
(some of the components may be identically null). 
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Consider the purely discontinuous part We introduce the following notations. Let («S'„)i<n<N* 
(N* < cx)) (resp. (T„)i<„<Na) be a sequence of (P, F) totally inaccessible (resp. strictly positive (P, F) 
predictable) stopping times such that [S'n] fl = 0 for n 7 ^ n' and {s > 0 : 7 ^ 0} C U„>i[S'„] 

(resp. [Tn] n [Tn'] = 0 for n 7 ^ n' and {s > 0 : 7 ^ 0} C U„>i[r„]). 

For 1 < n' < N“, for 1 < n < N*, we hnd and enumerate the partition sets dehned in Lemma [4.31 for 
the stopping times T„/ or S'„ : (A„/_o, ^n', 2 , • • •, An',d) and (5„^i, 3^,2, • • •, (where some Ah' 

and Bh may be empty) such that 


Let 


Let 


^T^i— V (j(Ajj/Q, Ay^' Aj^i 2 -, • • •) A^fi'(ij and ^ 5 ^ 3 s„— V (ri^B^ i^ 5^ 2 ; • • • ■> ^n,d}- 


Pn',h' = F[An',h'\J^T^,-] and qn,h = ^Bn,h\J^Sr,-], 0 <h' <d, 1 < h < d. 


Vn',h' e J^Tr,- and respectively Wn,h e 

be the vector value of A^^ ,W on An'^h' and respectively the vector value of A^^VF on B^^h (cL Lemma 
USD- We dehne real processes 

^h' ~ X]l<n'<N“ ,,, l[T„,,oo) “ (lyl„,^^, l[r„,,oo)) ^)i 0 < h < d. (4) 

We dehne d-dimensional vector valued processes 

~ X]l<n<N» ~ ('a^n,hlB„_hl[S„,cxD))'^^), 1 < d < d, (5) 

(which is well-dehned). Let A be a multi-dimensional local martingale whose components incorporate 
the processes A', A", A'". 


Theorem 4.7 The process X has the martingale representation property in F under P. 


Proof. Let T be a (real) bounded (P, F) martingale orthogonal to the components of A. The bracket 
[y, A] is a vector valued (P, F) local martingales. By the martingale representation property of W in 
(P, F), Y takes the form Y = .W for some vector valued F predictable process H. The computation 
of the bracket gives 




El<n<N^ - (1 a„.,1[T„,oo))^'1 

El<n<N“ . [W, lA„^;,]l[r„,oo) - (l^„ ,.l[T,,oo))'^'^] 

Zll<n<N“ ^^Ht„At„W -Pn,h)l[T„,oo) 

Zll<n<N“ ^~'^Ht„At„W1a„^^^[T„,oo) - Zll<n<N“ At„VF pn,/xl[r„,oo) 

Xll<n<N“ ^ Hj'^Vn,h^AriA^[Tn,oo) ~ X]l<n<N“ ^ Hj'^AT„Wpn,h^[Tn,oo)- 


It is a (P, F) local martingale. For every 1 < n < N“, taking the stochastic integral of the predictable 
process with respect to this local martingale, we see that each term 


1 

2n 


HT„Vn,h^A„ 


l[T„,oo) - — Ht^AtJYP n,h^[Tr,,oo) 
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is itself a local martingale. Taking the predictable dual projection, we obtain 

^'^HT^Vn,hPn,h'^[Tr,,oo) = 0 (a null process), 

because = 0 and Vn,h e Jr„-- Consequently = 0 on {Tn < oo}. This 

being true for any 0 < h < d, we can write 

Ar.r = ■"ffT.AT,ir = Eto^^^T,ATjri4„, 

= = 0 , 01 l{r„< 00 }. 

In the same way, 

\XT^h] ~ X]l<n<N' T* Wn,h^B„^h^[Sn,oo) — {Wn,h^B^^h^[Sn,oo)Y 

= Ei<n<N»^[^> w^n,hli?„.^l[s„,oo)] because IS continuous, 

= Zll<n<N“ [5^,00) 

~ X]l<n<N“ Hs^Wn^h 1 [5n,cx)) 

is a local martingale. For 1 < z < N*, set Ji the coefficient of ^l[ 5 . oo) — (Isi in ifs 

martingale representation with respect to W. By Lemma 14.41 


(X]l<n<N“ 2" ^Hs„Wn,h 1 [S„,oo)) — X]l<n<N“ 2'‘ 

= Yi ^Ji,SiWi,h^HsiWi^h = Y ^HsiWi^h 


i,Sn^'n,h ~r LJ 11 11 

- Jds„Wn,h 


By assumption, it is a (P, F) local martingale. Hence, ^ ~^{HsiWn,hqn,h^[Sri,oo))^^ is a null process. 
Repeating the reasoning in the preceding paragraphs, we conclude that ~^HsiWi h^Bi ^ = 0 so that 
As.l^ = 0. 


Hence H is a continuous martingale. As the continuous components X' generate W‘^, the bracket 
. (VFC W^),l < k < d, is a local martingale, which must be null. Consequently H. = 0. This 

proves the theorem, according to [6l Corollaire(4.12)]. ■ 


4.4 The finite predictable constraint condition of representation processes 

Under the martingale representation property, the representation processes satisfy the hnite predictable 
constraint. This can result from m Theoreme 4.80]. For our account of the martingale representation 
property to be complete, to follow the logic of the present paper, we give here a brief description of 
this result, in terms of the processes X",X"'. 


Lemma 4.8 There exist a finite number n" of d+ 1-dimensional F predictable process ajj, 1 < k < n", 
such that 

n" 

AA"1{ax'V 0} = y^Q;fcl{AX"=<}- 

k=l 


17 







Proof. It is enough to notice that, for every component 

Xjl<n<N“ ^^[Tri,oo) (1 j4„^^1[T„,oo)) ) ^l<n<N“ Pn,/i)l[T„,oo)) 

0 < h < d, the jump process AX^ takes one of the three values 0, C/i,i, C/ 1 , 2 , where 

Ch,l — X]l<n<N“ ~ Pn,/i) 1[T„], Ch,2 — X]l<n<N“ {~Pn,h)^[Tn]i 

which are F predictable processes. ■ 


Lemma 4.9 Suppose that W is locally square integrable. There exist a finite number n'" of d x d- 
dimensional F predictable process a'l', 1 < k < n'", such that 

n"' 

AX'"1{AX"Y0} = cfik^{^X'"=a’l’}- 

k=l 


Proof. Notice that X'” is here locally square integrable. For 1 < h < d, let ^ be the jump measure 
of X'ff with F compensator p. We consider, for 1 < hi A d, the local martingale XiXjfip — p) and its 
representation by X. By the pathwise orthogonality, its representation depends only on X'f. Hence, 
there exists a F predictable process Ffj, 1 < i < d, such that 

. X'f = XiXjfip - p). 


Computing the jumps, we obtain 

d 

Y, = AX” AX” , l<3<d. 

k=l 

This means that, if AX'f 7 ^ 0, AX'f^ is a root of the characteristic polynomial of the matrix of 
components {Hj^k)i<j,k<d- Applying m Theorem 2 . 2 ], there exists F predictable processes (Ci, ■ ■ ■, Crf) 
such that 

AX£n(AX” -C,) = 0. 

i=i 

The lemma can now be deduced from this property. ■ 


Theorem 4.10 Suppose that W has the martingale representation property in F under ¥. Then, the 
process W satisfies the finite F predictable constraint condition. More precisely, there exist a finite 
number n of d-dimensional ¥ predictable process 1 < h < n, such that 

n 

AlFljAlVT^O} = Otk^{AW=ak)- 

k=l 
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Proof. If W is locally square integrable, the theorem is the consequence of the representation of 
W hy X (Theorem 14.7p and of Lemma 14.81 and Lemma 14.91 If not, let T > 0 be a constant. Let 
= sup^< 7 . |bLs|- Let T] = e~^T and let {'r]t)teio,T] be the associated (P,F) bounded martingale. Let 
P = ? 7 .P and 

W = W - 

V- 

The process W is locally square integrable under P on the interval [0,T], and by [9], hh possesses the 
martingale representation property in F under P. There exist, therefore, a hnite number n (independent 
of T) of F predictable processes (0,..., Cn) such that 


AVLe{0,Ci,.,Cn} 


on [0 ,r], or equivalently 

AIT G {0, Cl + — A(77, ., Cn + — A(r7, 

?7_ r]_ 

on [0, T]. The theorem is deduced from this property. ■ 


Corollary 4.11 Lemma remain available, without the local square integrability ofW. 


4.5 Another modification of the representation process 

The process X"^ is not always locally bounded and has not necessarily pathwisely orthogonal compo¬ 
nents. With the hnite predictable constraint condition, we can modify it to have the boundedness and 
the pathwise orthogonality. 

Consider the process a'" in Lemma [4.91 (cf. Corollary 14.lip . Let jj, be the jump measure of X'” with F 
compensator v. Let ek,Uk, 1 < /c < n'", be the function in Theorem 13.41 relative to a"'. Let 

= Wfc*(h — 1 < ^ < n'". 

The local martingales X^ are mutually pathwisely orthogonal. 


Lemma 4.12 For any X"^-integrable F predictable process H, 


a 
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Proof. We have, by [51 Theorem 11.23 and 11.24], 


'H . X'" = 'H . (x4/x - u)) = 'Hx4^ - u). 
Applying Theorem 13.41 we see that l{e(a'»)^o} is W°-integrable and 


(Y 


Corollary 4.13 The process {X', X", X°) possesses the martingale representation property in F under 

P. 


Remark 4.14 We note that {X', X", X°) is a locally bounded process. The three processes X', X", X° 
are mutually pathwisely orthogonal. The components of the processes X', X° are pathwisely ortho¬ 
gonal. The path of X" is of finite variation. Let H he a (X', X", X°)-integrable predictable process. 
The process H is naturally cut into three parts [H', H", H'") corresponding to (X',X",X°). By the 
pathwise orthogonality, is X^-integrable for 1 < h < d, H" is X"-integrable, is X]^-integrable 
for 1 < h < n'". 


Theorem 4.15 If the martingale representation property holds in F under P, there exists always 
a locally hounded representation process, which has pathwisely orthogonal components outside of a 
predictable thin set. 


5 Fully viable market expansion and the drift multiplier as¬ 
sumption 

5.1 The setting 

Let G = {Qt)t>o be a second filtration of sub-cr-algebras of A, containing F, i.e., Qt Xt for f > 0. We 
call G an expansion (or an enlargement) of the filtration F. 


5.1.1 Local martingale deflator 

We recall the notion of deflator. 
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Definition 5.1 Let T be a G stopping time. We call a strictly positive G adapted real process Y with 
lo = 1, a local martingale deflator on the time horizon [0,T] for a (multi-dimensional) (P, G) special 
semimartingale X, if the processes Y and YX are (P, G) local martingales on [0, T], 


This is a notion of no-arbitrage condition. Actnally, the existence of local martingale deflators is 
eqnivalent to the no-arbitrage conditions NUPBR and NAi (cf. [TTl IT^ [T^ We know that, when the 
no-arbitrage condition NUPBR is satisfied, the market is viable, and vice versa. 


5.1.2 Full viability 

We consider in this section the following assumption. Let T be a G stopping time. 

Assumption 5.2 (Full viability on [0,r]j The expansion from ¥ to G is fully viable on [0,r]. This 
means that, for any strictly positive F local martingale X, X has the no-arbitrage property of the first 
kind in G on [0,r], i.e. X has a (local martingale) deflator in G on [0,T]. 

We refer to [m [El [13], also to Definition 15.11 below, for the notion of no-arbitrage of the first kind 
and the notion of deflator. We can check that, if G is fully viable, the hypothesis(iL') (cf. [Tl[TU]) from 
F to G is satisfied. 

Assumption 5.3 (Hypothesis{H') on the time horizon [0,T]) Every (P, F) local martingale is a 
(P, G) semimartingale on [0,r]. 


Whenever Hypothesis(iL') holds, the associated drift operator can be defined. 


Lemma 5.4 Suppose hypothesis{H') on [0,T]. Then there exists a linear map V from the space of all 
(P, F) local martingales into the space of cddldg G-predictable processes on [0,T], with finite variation 
and null at the origin, such that, for any (P, F) local martingale X, X := X — r(A) is a (P, G) local 
martingale on [0,T]. Moreover, if X is an F local martingale and H is an ¥ predictable X-integrable 
process, then H is T{X)-integrable and T{H . X) = H . r(A) on [0,T]. The operator T will be called 
the drift operator. 


Proof. Note that, under hypothesis(Lf'), for any F local martingale A, A is a special G semimartingale 
on [0, T] (cf. O Definition 8.4 and Theorem 8.6]) so that the drift operator is well-defined. The linearity 
of r is the consequence of the uniqueness of special seniiniartingale decomposition (cf. |5l Theorem 
8.5]). The property of V{H . A) is the consequence of [HI Lemma 2.2]. ■ 
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5.1.3 Drift multiplier assumption 


But in this paper we are actually interested in the following extra assumption. 


Assumption 5.5 (Drift multiplier assumption on [0,T]j Let T be a G stopping time. 

1. The Hypothesis{H') is satisfied on the time horizon [0,T] with a drift operator F. 

2. There exist N = {Ni,... ,N„) an dimensional (P,F) local martingale, and p an n dimensional 
G predictable process such that, for any (P, F) local martingale X, [A^, exists, ip is [A, XY'^- 
integrable, and 

r(A) = '^ip.[N,Xf-P 

on the time horizon [0,T]. 


This section is devoted the proof of the following theorem. 


Theorem 5.6 Suppose the martingale representation property in F. Suppose the full viability on [0, T]. 
Then, F satisfies the drift multiplier assumption on [0,T]. 


Proof. It is the consequence of Lemma 15.101 Lemma 15.131 Lemma 15.161 in the next subsections, with 
help of Lemma 15.41 and Remark 14.141 In fact, under the martingale representation property in F, 
we have a representation process {X', X", X°) defined in Corollary 14.131 For any F local martingale 
X, we write X in its representation H'. X' + H" . X" + H° . X° with respect to the representation 
process {X',X'',X°) (cf. Remark I4.14p . Let A be any F predictable set such that iF'lA, Ff"lA, iF°lA 
are bounded. By Lemma [5.101 Lemma [5.131 Lemma [5.161 Lemma [5.41 and Remark 14.141 we compute, 
on |o.r], 


1, .r(A:) = r(i,. A’) = rii.ff'. A') + viiw" -x" 
K) + . A”) + El r(u.Hj. aj; 

r(A0 + . r(A'') + El i«ffi° ■ r(v 

” + .[x 

El IaG'i . [a;, hi . xX' + IaV ■ [x", 

El i.Gi . K, A]'--!’ + i.V" ■ |A'". V'” + El l.GJ 


EiUi./fEiii 

El 


A' 


El 


'".x'X'” 


El . 

Xh ■ XX-” + El IaGJ 


'i-Kwr-". 

This proves hrst of all the necessary integrability conditions and then the theorem. 


■K.W 


xX” 


5.2 General consequences of the full viability 

We begin with an immediate consequence of the full viability on the drift operator. 


22 


























Lemma 5.7 Let T be a G stopping time. Suppose that the expansion is fully viable on [0,T]. For any 
F locally bounded local martingale X, there exists a strictly positive G local martingale Y such that 

r(X) = -i.[y,Jff» onlO.T], 


Proof. For any F stopping time T' snch that X'^' is bonnded, for some a > 0, a|AX| < 1 on [0,T']. 
Let S = £{aX) which is strictly positive. By the fnll viability, there exists a strictly positive G local 
martingale Y snch that YS is a G local martingale on [0,T' A T]. The lemma is the conseqnence of 
the integration by parts formnla 

y S' = 10*50 + . F + y_ . S' + [y, F] or eqnivalent ly 

aY_S_ .X + aS_. [Y, X] = YS- yo^o -S_.Y on [0, T' A T], ■ 


Lemma 5.8 Suppose the full viability of the expansion on [0,r]. For any ¥ locally bounded ¥ optional 
process A with finite variation, there exists a strictly positive G local martingale Y such that 

{Y . Af-P = Y_ . A^-P on [0,r]. 

Conseguently A^'P is absolutely continuous with respect to A^'P on [0,r]. 


Proof. For any F stopping time T' > 0 snch that A^' is bonnded, for some a > 0, S' = E{a{A — 
is strictly positive on [0,T']. There exists a strictly positive G local martingale Y snch that FS' is a G 
local martingale on [0, T' A T]. Write the integration by parts formnla 

YS = FoS'o + S'. . y + y . S' or eqnivalently 
aYS. . A - aYS. . = F^ - Fq^o -S_.Y 

on [0,T'AT]. Conseqnently, 

(y. Af-p = (y. A^-pf-p = ^■p(Y) . = y_. 

on [0, T' A T], I 

We now apply Lemma [5.81 to view the F totally inaccessible stopping times. 


Corollary 5.9 Suppose the full viability of the expansion on [0,T]. For any F totally inaccessible 
stopping time S, there exists a strictly positive G local martingale Y such that 

on [0,T]. Conseguently (l[s,oo))^^ is absolutely continuous with respect to on [0,T], and 

S{s<T} is G totally inaccessible. 
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5.3 Drift of X' 


We suppose for the rest of this paper the martingale representation property in F with a h-dimensional 
representation process and the full viability of the expansion on [0, T]. We use the reconstituted repre¬ 
sentation process {X', X", X°) in Corollary 14.131 We will compute successively the drifts r(X'), r(X") 
and r(X°). 

We begin with the computation of r(X') which is simple. 


Lemma 5.10 For 1 < h < d, there exists a G predictable process G'^ such that 

T(X'^) = G'^.\X'^,XX’’ on\0,n 


Proof. Let Y be dehned in Lemma 15.71 for By the path continuity, by [T], there exists a G 
predictable process H such that 


|r, Ai]®-" ^iH.xi Ai] = H. [a;„ a;i = . [ai, a;] = //. k, a;,]'” 

on [0,r]. Applying Lemma [5.71 we prove the lemma. ■ 


5.4 Drift of X" 

The case of r(X") is much more involved. Recall the F predictable stopping time and the partition 
sets An^h dehned in subsection 14.31 for 1 < n < N“,0 < h < d. Let p denote the jump measure of X”. 
Let V (resp. V) be the F (resp. G) compensator of fj,. We consider the stochastic ^-integral in F with 
respect to {p — u), but also in G with respect to (/i — 17). 

Lemma 5.11 We have 9(F,//)l[o,r] C S(G,/x). For g G S(F,/i), on [0,r], 

-V)= g^{g -p)- T{g^{g - i/)), 


and 


N“- 


r(5'*(h “ ^)) = X] ( ^[diTn, Xt„X'')\{/Xt„x"^o}\Qt^-] - WygiTn, Xt^X")\{Xt„x"^q}\Xt„-\ ) l[r„oo)- 


n=l 


In particular, x*(/i — u) = X" on [0, T], 


Proof. For 1 < n < N“, the process 

{g{Tn, Xt^X'')1{Xt,,X"^Q} - A7;,W")11{Aj,„X'V0}|-^T„-])1[T„oo) = l[rj ■ - ^)) 
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is a F local martingale. The martingale part in G of this process is given by 


{giTn, A7;,X")1{At„X'V0} “ ^[diTn, 1 {Ay^X'^O} ) 1 [T^oo) 

-E[{g{Tn, AT„A")l{Ay^X'YO} “ ^[g{Tn, At„X")]1{At„X'V0}I‘^T„-])|^T„-]1['7 
= {g{Tn,AT^X")lu - - __ ■- - 


v/t 


(In particular, this shows that E[5f(r„, AT^X")l{Ay^x'vo}I^T„-] is well-defined.) By Lemma [5.41 this 
implies also 


i[r„] ■ Tig*{g - = r(i[T„] ■ {g*{g^ -1'))) 

= (^[g{Tn, At„X")1{Aj,„X'V0}I^T„-] - ^[g{Tn, AT^X")l{Ar„X'YO}l-^T„-])l[T„oo) 

on [0, T]. Because r{g^,{fi — ly)) is G predictable with hnite variation on [0, T], the series 


N“- 


I ^[g{Tn, At^X”) 1 ^At„x"j^o}\Qt„-] - E[ 5 f(r„, Ar^X")l{Aj,„x'V 0 }l-^r„-] | l[r„oo) 


n=l 


is a G locally integrable predictable process on [0, T]. This local integrability, together with the relation 

g{Tn, Ar„A")l{Ay^X'VO} - ^[g{Tn, At„X") 1 {At„X'^O} I^T„-] 

= g{Tn, Ar„X")l{Ay^X'VO} - ^[g{Tn, Ar„X")l{Ay^X'VO}l-^T„-] 

+E[g{Tn, AT„X")l{AT„x'Y0}|yr„-] - ^[g{Tn, Ar„X")l{Ay^x'vo}I^T„-], 


implies g'l[o,r] ^ S(G,/i), and also 

T{g^jg - ly)) = “ ^))) = lui<„<^a[T„] ■ r(^*(/i - ly)) 

= Zln=i ( E[5f(r„, Ar„X")l{Ay^x'V0}I^T„-] - E[^(T„, At„X")]1{At„a:'vo}I-^t„-] ) 1[t„oo) 

on [0, T]. We can now check that g^,{g — ly) and g*{iy — iy) — T{g^(n — iy)) have the same jumps on [0, T]. 
By U Theorem 7.23], they are the same G local martingales on [0,T]. ■ 


Remark 5.12 Note that, for 0 < h < d, X'l is a bounded process with hnite variation. X'^ is always 
a G special semimartingale whatever hypothesis(i7') is valid or not. Denote always by X" the G 
martingale part of X". 


Lemma 5.13 There exist a d-dimensional F local martingale N" of the form N" = H . X”, and a 
d-dimensional G predictable process (p" such that, for every 0 < h < d, . [N”, X'fff'^ exists and 

\rff \rff T.// I \r//]¥-p 

— Xj^ p .[N , 

is a G local martingale. In particular, in case of the full viability on [0,T], r(X^') = '^p” . 
on [0, Tj. 
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Proof. In this proof, we will simply write N, if instead of N", (f”. With the computations in the proof 
of Lemma 15.111 we know that the G drift part of X'j[ is given by 


N“- 


N“- 


^ -Pn,h ) 1 


[TnOo) 


n=l 


n=l 


N“- . 
2n 

n=l 


Pn,h Pn,h ) k[r„oo) 


with pn,h = ^ \XTn-] and Pnh — We look for a d-dimensional F local martingale N 

and a d-dimensional G predictable process ip such that 

'^{Pn,h ~ Pn,h) — PTn'^n,hPn,hj 

on {Tn < oo}, where nn,h ^ J^t„- is the value of At^N on An^h, or equivalently, 


1 .Pn,h 
2^Pn,h 


1 ) 


^^T„nn,h, 0 < h < d. 


( 6 ) 


(with the convention that § — 1 = 0). Consider the (1 -|- d)-dimensional vector pn = {Pn,h)o<h<d- 
By Gram-Schmidt process, we obtain a Xt„- measurable orthonormal basis (e„^ 0 ) ^n,i, G, 2 ) ■ ■ ■, ^n,d) in 
M X such that is orthogonal to pn for all 1 < j < d. Note that 


1 

2" 


E( 


h=0 


Pn,h 

Pn,h 



d 

h=0 


Pn,h) = 0. 


This implies that the vector — 1) of the components — 1) is orthogonal to Pn so that it is 

a linear combination of the e„ j,l <j<d: 


1 

2n 


1 ) = 


lGn,l + ^n,2^n,2 + <^n,d£n,d, 


where qn,h are the scalar product of — 1) with en,h so that Gt,,- measurable. Let denote the 
d X (1 -|- d)-matrix whose lines are the vectors ~^en,k, 1 < k < d. Let pn denote the vector in of 
components 1 < k < d. Let nn,h denote the hth-column (0 < h < d) of the matrix which 

is a vector in R'^. Then, the above identity becomes 


J_Gp 

2 " V p 


1 ) = Efc=l ^n,k^en,k = Efc=l 


n,k 1 


or 

“ 1) = 0 < h < d. 


The equation ([6]) is solved. We dehne d number of F local martingales. 


N“- 




n=l 


Let a„ denote the vector of the components 0 < h < d. We compute the jumps at < oo 


1 1 

AxnAfj = enjAx„X = — enj{Bn ~ Pn) = “ ^n,j^ni ^ A j A d. 
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Hence, ii ip = for 0 < /i < d, 


V -JiV, = Yl=\ 2”VE[AT„iVAr„X"| J-r„-]liT„,oo) 

= ^n=i 2"'VnE[^"^e„a„AT„A^'| J'T„-]l[r„,cx)) 


~ X]n=l X]j=0 I J^7’^_]l[T„,cx)) 

where Xnj = ^(4^ - Pn,h) is the value of ^t„X'^ on 

~ X/n=l ^ Si=0 l[j'^^oo) 

~ Xln=l Sj=0 2^^^^ ~ l)2;njPnjl[r„,oo) 

~ X/n=l '^j=0 2^iPn,j ~ Pn,j){^h,j ~ Pn,h)^[Tn,oo) 

~ Xln=l ^iPn,h ~ Pn,h)^[Tn,oa) 

= G drift part of A^'. 

(Modifying a little the above computation, we can prove that the stochastic integral '^p . [A, 
exists.) I 


The following lemma will not be used in this paper, but useful in mi- 


Lemma 5.14 For 1 < n < N“, /ei = |0 < h < d : /, > 0). The kernel of the matrix 

A..[x”/xr-o«{r:<oo}« i - - p. 

{a G M X : Oh is constant on h & !„}. 

There exists a G predictable matrix valued process G such that [A", = G . [A", ■ 


Proof. Fix 1 < n < N“. is an At„- measurable random variable. For an example, suppose = 
{0,..., kf}. Let a denote the vector of the 1 a„ t] < h < k, and p denote the vector of the Pn,h-, 0 < 
h < k. We write 


(E[A^„AfAr„A''|AT„-])^<^_^.<, = ^E[(a - 
= ^E[a^a - a> - p^a + p^p|Ar„-]l[T„,oo) 

= ^(Dp -p^p)l[T„,oo), 

where Dp denotes the diagonal matrix of diagonal vector p. For any vector a = (ao, ... ,ak), if 

0 = ^a{Dp - p^p)a = E[('^aa - '^apY\XT„-], 

necessarily (haa — hap)^ = 0 or = hap for al\ 1 < h < k. This means that the kernel of (Dp — p~^p) 
is the vector space % generated by the vector (1,1,...,!) G M^, while its image space, as (Dp — p~^p) 
is symmetric, is X"*- C M^. The matrix (Dp — p^p) as an operator on is invertible. This implies the 
existence of an At„- measurable matrix J such that J(S)p — p''p), on {l„ = {!,..., k}} fl {T„ < oo}, 
is the projection operator onto the space 
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We can make the same analysis with [X", Notice that ^ ^)l['r^^oo)- Notice 

that, on the set {!„ = k}} n {Tn < oo}, = 0 for h > fc. We obtain then that the vector 

(1,1,...,!) G is in the kernel of the matrix 




and by the symmetry, the image of the M is contained in DC-*-. Now, for any vector a G X, Ma = 0 = 
MJ(1Dp — p^p)a, while for any vector a G X-*-, Ma = MJ(2Dp — p^p)a, proving M = MJ(Dp — p"*p). 
F inally. 


AT^[X"JX"f-P = 


M, 0 

0 , 0 

M, 0 


M.J{'Dp — p~p), 0 


0 , 0 

= AT^[X"JX"f-P 

on {!„ = {1,..., A:}} n {T„ < cxo}. On this set, dehne 

J, 0 



Jrt. 


0 , 0 


Now, making the above compntation on the set {!„ = B} fl {Tn < cxd} for any no-empty subset B 
of {1,..., d} (instead of {1,..., k}), we obtain an Xt^- measurable matrix valued random variable 
everywhere dehned Jn such that 

AtJX", '^X"f-P = ArjX", ^X"f-PJnAT^[X\ ^A'f'F 


The lemma is proved with 


N“- 

n=l 


5.5 Drift of 

For 1 < h < n"'. Let p denote the jump measure of Ajj. Let p (resp. u) be the F (resp. G) compensator 
of p. 

Lemma 5.15 We have S(1F, h)lf[o,r] C S{G,p). Let g G 3(1^, h)- Then, on [0,T], F(p*(/i — v)) is 
continuous and 

g^{p -V) = g^{p -p)- V{g^{p - p)). 

In particular, x*(/x — p)= X^ on [0, T], 
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Proof. According to Lemma 15.91 the support set of p avoids any G predictable stopping time U on 
[0,T] so that = 0 on [0,T]. This implies S(1F, At)l[o,T] C S(G,/x) (cf. [H Dehnition 11.16]). On 

the other hand, X = — u) — — u)) is a G local martingale on [0,T], whose jump XjjX at 

the G predictable stopping time U is given by —XuT{g^,{gi — i')) on {U <T} which is measurable. 
Hence, AjjX = AifT{g^{n — i^)) = 0 on {U < T} (cf. jj] Theorem 7.13]), i.e. T{g^{g. — i')) is continuous 
on [0, T]. Now we compute the jumps on [0, T]. 

As{g*{g - V)) = g{s, a,a:^)1{a,x°^o} = A,(^*(/i -p)- - p))). 

The lemma is proved by [51 Theorem 7.23]. ■ 


Lemma 5.16 There exists a G predictable process G°^ such that, on [0,T], 

r(w°) = GMW”,Xjr’’. 

on [0, T], 


Proof. Let H be a G local martingale dehned in Lemma 15.71 for X^. By Lemma 13.11 there exists 
g G S(G,p) such that, on [0,T], 

in wi”-' = IV xjf- = |j.(m -17), 

Using the notations of Section 031 we verify that the time support of p is 

{e/i(a^")l{AX'''=a"Vo} 7^ 0} = {AA"' = 7^ 0}, 

while its space location process can be eh{a'l')- We see that p satisfies the hnite F predictable constraint 
condition (with constraint process eh{oi'l')) and satishes the conditions in Theorem 13.81 on [0,T] (with 
n = 1). Hence, there exists a G predictable process H such that 

|s.(m - F). = [H.xi xif” = H. [x;, xif-^ 

on [0,T]. By Lemma 15781 [A^, is absolutely continuous with respect to [X^,X^]^'P on [0,T]. Let 

dK.xji'G 

Then, on [0,T], 

Together with Lemma [5.71 this concludes the proof. ■ 
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